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1 Introduction

As we know, the random attractor plays a key role in the study of asymptotic behavior of a
random dynamical system (RDS). Both the existence and the estimates of Hausdorff and
fractal dimensions of random attractors have been studied intensively since Crauel and
Flandoli 1994 [1], see, e.g., [2—16] and the references therein. However, a random attrac-
tor is possibly infinite dimensional and sometimes attracts orbits at a slow rate, making
it unobservable in practical experiments and numerical simulations. The concept of ran-
dom exponential attractor was introduced by Shrikyan and Zelik in [17]. By definition, a
random exponential attractor is a positively invariant finite dimensional set that contains
the random attractor and possesses the exponential attraction property.

In [17], Shrikyan and Zelik presented some sufficient conditions for the existence and ro-
bustness of random exponential attractors for dissipative RDS. As pointed out there, the
main difficulty in constructing a random exponential attractor, in contrast to the deter-
ministic case, is that a typical trajectory of an RDS is unbounded in time. Therefore, some
restrictive assumptions were imposed on the global Lipschitz continuity of all nonlinear
terms to guarantee the time average of these quantities can be controlled. But the condi-
tions are not easy to verify for some stochastic PDEs. Recently, Zhou [18, 19] established
a new criterion for the existence of a random exponential attractor for non-autonomous
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RDS. Their conditions are limited to checking the boundedness of some random vari-
ables in the mean. Then they applied the abstract result to a non-autonomous stochastic
reaction-diffusion equation in R3 and the first-order stochastic lattice system. However, in
concrete applications, the assumptions rely on the orthogonal projections, so they cannot
be directly applied to RDS defined in Banach spaces.

In this article, we mainly consider the existence of a random exponential attractor in
Banach space. Motivated by [18—-21], we show that if the cocycle ¢(T, ) is C! (in the
topology of a Banach space X) on a positively invariant random set x (w) for a.s. w € Q
and some large enough time 7" (independent of w), and the Fréchet derivative D, (¢(T, w))
at every point inside x (w) can be split into a compact operator and a contraction (in the
mean sense), then we can construct a random exponential attractor for the discrete cocyle
¢(nT,0,,rw) in the Banach space X. Following a similar process as presented in [19], we
can get a random exponential attractor for the continuous cocycle ¢(t, w).

As an application of the theory developed in the paper, the following problem in a
bounded domain D C R? with smooth boundary 9D is considered

du — (Au — |ulP~u— f(x, u)) dt=gx)dt + buo dW(t), xe€D,t>0, (1.1)
with the initial-boundary value conditions

M(xi 0) = uo(x); xeD,
u=0, on dD,

(1.2)

where b is a positive constant, the term u o dW(¢) in (1.1) is understood in the sense of
Stratonovich interation and W (¢) is a two-sided real-valued Wiener process on a proba-
bility space specified in Sect. 3. The nonlinearity f € C? satisfies the following conditions:

alulu—co <f'u) <colul™u+co, 1<q<p; (1.3)
Sl wu = vu|™! - B(x); (1.4)
[f"(x,u)| < c3(1+ ul972), (1.5)

forsome 1<p <3,¢;>0(i=0,1,2,3), v >0 and for all u € R. We also assume that 8 €
L*(D) and g € L°(D). A typical function in applications is f(x, u) = a|u|? u + h(x) with
a>0and h(x) € L%’(D).

The above equation (1.1) is known as a reaction-diffusion equation [22] perturbed by
a white noise g(x) dt + bu o dW (t). In biology and physics, stochastic equations like (1.1)
have been used as models to study the phenomena of stochastic resonance [23—-28], where
g isaninput signal and W (¢) is a Wiener process used to test the impact of stochastic fluc-
tuations on g. We choose the equation (1.1) since the long-term behavior of solutions for
equations like (1.1) has been studied widely for both deterministic and stochastic cases.
They are canonical examples to study the existence of global attractors and random attrac-
tors. In this respect, we refer the readers to [1, 4, 8-11, 17, 20, 22, 29—32], among others.
Until now, as we know, there is no result concerning the existence of random exponen-
tial attractors in Banach space for (1.1). We extend the technique presented in [20, 21] to
stochastic case to get the Fréchet differentiability in the Banach space L% (D), and this is
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nontrival, since the trajectory of an RDS is unbounded in time. Fortunately, some random
variables can be controlled in the mean for a large time T in a certain absorbing set and
this is sufficient to construct a random exponential attractor in L% (D).

Our main tasks in this paper include: (1) Give an abstract result for the existence of a
random exponential attractor in general Banach space. (2) Establish the RDS ¢(¢, w) gen-
erated by equation (1.1)—(1.2) and construct the absorbing set x (w). (3) Prove that the
RDS generated by (1.1)—(1.5) is uniformly Fréchet differentiable in the topology of L% (D).
(4) Check the assumptions in the abstract result presented in Sect. 2 for ¢ (¢, w) and prove
that ¢ (¢, w) possesses a random exponential attractor in L2 (D). Our main result in this
paper is as follows:

Theorem 1.1 Suppose (1.3)~(1.5) hold. Then the RDS generated by (1.1)~(1.2) possesses
a random exponential attractor {E€(w)}weq in L2# (D).

This paper is organized as follows. In Sect. 2, we recall some basic concepts and present
our main result for the existence of a random exponential attractor in a Banach space.
In Sect. 3, we first prove that the RDS is C! on a positively invariant absorbing set in
L?(D), then apply the abstract result in Sect. 2 to show that the RDS possesses a random
exponential attractor in L% (D).

Throughout this paper, we denote by || - ||x the norm of Banach space X. The inner
product and norm of L%(D) are written as (-,-) and || - || respectively. We also use ||, to
denote the norm of u € L"(D) (r > 1,r #2) and |u| to denote the modular of u. The letters
c and ¢;(i = 1,2,...) are generic positive constants and the constant ¢ may change their
values from line to line even in the same line.

2 Preliminaries and abstract results

We first recall some basic concepts and results related to random exponential attractors
and then establish a result for the existence of a random exponential attractor in Banach
space.

Definition 2.1 Let (2, F,P) be a probability space, (2, F, P, (0;):cr) is called a metric dy-
namical system (MDS) if 6;: R x Q@ — Q is (B(R) x F, F)-measurable, 6, is the identity
on Q, 0, =6,006, foralls, t € Rand §,P =P forall t € R.

Definition 2.2 The RDS on X over an MDS (2, F, P, (6;):cr) is a mapping ¢ : R* x Q x
X = X, (t,w,x) — ¢(t,w,x), which is (B(R*) x F x B(X), B(X))-measurable and satisfies
for P-as. w € Q,

(i) (0, w, -) is the identity on X;

(ii) ¢(t + 5, 0,-) = p(t, 05w, -) 0 (s, w,-) (cocycle property) on X for all s, t € R*.

An RDS is said to be continuous on X if ¢(¢, w) : X — X is continuous for all £ € R* and
P-as. w € Q.

Definition 2.3 (1) A random bounded set {B(®)},cq of X is called tempered with respect
to (0;);cr if for P-a.s. w € £,

lim e ?* d(B(6_;»)) =0 forall >0,

t—00

where d(B) = sup,g I|l*| x.
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(2) A random variable r(w) > 0 is called tempered with respect to (6;)cr if for P-a.s.
w € Q,

lim e #'r(6_,0) =0 forall B>0.
t—0o0
In the following, we denote Dx and D, the collections of all tempered family of

nonempty subsets of X and L"(D) respectively with respect to (6;);cr-

Definition 2.4 A family £(w) of subsets of X is called a random exponential attractor in
Dy for a continuous RDS ¢ (¢, w) over an MDS (2, F, P, (6;):cr) if £(w) is measurable in w
and there is a set of full measure € F such that for any w € €, it holds that

(i) Compactness: £(w) is compact in X;

(ii) Positive invariance: ¢(t,0_;w)E(0_;w) C E(w) for all £ > 0;

(iii) Finite-dimensionality: There exists a random variable ¢, (< +00) such that
dimy £(w) < ¢,, where dimy £(w) is the fractal dimension of £(w), defined by dim; £(w) =
In N,

1

M and N, (A) denotes the minimal numbers of balls with radius & cov-

g

limsup,_, ¢+
ering A in X;

(iv) Exponential attraction: There exist 4 > 0 (independent of w), t,,5 > 0 and b, 5 > 0
such that, for any B € Dy,

din(¢(t,0_,0)B(0_10), E(w)) < bype™, t>top
where d,(F;, F;) denotes the Hausdorff semidistance between F; and F,.

Remark Here we have borrowed the definition of a random exponential attractor from
[18, 19]. Note that we do not mention the Holder continuity condition in [17], since the
compactness, positive invariance, finite-dimensionality and exponential attraction are in-
trinsic qualities for the concept of a random exponential attractor.

We denote L£(X,Y) and L£(X) the bounded linear maps from X to Y and from X into

itself, respectively. For a given A > 0, we define
LX) = {L € L(X)|L =K + C,K is compact and || C|| < A}.

Let F be a finite dimensional subspace of X. The quotient map Lr induced by L is defined
by: Lr : X — X/F, x > Lx + F and ||x||x/r = inf{|lx — f||lx : Vf € F}. For the quotient map

Lr, we have the following lemma (see Lemma 2.1 in [21]).

Lemma 2.1 Forevery L € L, (X) there exist a finite dimensional subspace F C X such that
if Lr is the linear map induced by L, then ||Lg|| < 2A.

If L € £;(X), we define v; (L) as the minimum integer n such that there exists a subspace
F C X satisfying dimg = n and ||Lg|| < 2A. By Lemma 2.1 we see that v, (L) is well-defined
and finite. We also need a covering result for a linear bounded mapping acts on the balls
in X. We give this result in the following lemma, for more details we refer the readers to
[21].
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Lemma 2.2 [fL € L(X) and F C X is a subspace with dimg = n and || Lr|| < oo, then

L +2\"
N(1+£)Ar(L(B(0;r))) < n2" <1 n LIl + ) ,

re

foralle,r>0,)\>|Lg|. Moreover, the centers of the balls in the covering can be chosen in F.

For an RDS ¢(¢,w) and T > 0, we denote D,¢(T,w) the Fréchet derivative of ¢(T,w)
at the point v. Assume that there exists a random variable 1, > 0 such that D,¢(T,w) €
L,,X) forallve x(w) and a.s. w € 2, where x () is a positively invariant random set for
¢(t, ). Then for any given &y > 0 we can find rq,, = 7o, (g0) > 0 such that for all v € x (w)

and 0 <7 <rp,
O(T,w)B(v;r) C ¢(T,w)v + D,d(T,w)B(0; r) + B(0; ggr). (2.1)

By Lemma 2.1 and Lemma 2.2 we have the following estimate

Noserypor (Dv(T, ®)B(0; 1)) < K,,, V&1 >0,7>0, (2.2)

where
su D, (T, )|l x + 20y \ '@
K, = v(w)2"@ (1 + Py 12T )l ) , (2.3)
2)\(1)81

and

v(w) = sup v, (DV¢(T, a))) (2.4)

vex (o)

Setting B, = 2(2(1 + &1)X, + &0), then we have, for a.s. w € Q,

Np,r (¢(T,w)[B;r) N x(@)]) <Koy 0<r <700 (2.5)

Moreover, the covering balls are centered in ¢(7T, ) x (w).

Let ¢(t, ) be a continuous RDS on a Banach space X over (2, F,P, (6;):cr), and

(HO) ¢ (¢, w) possesses a random attractor A(w) in X.

Moreover, we make the following assumptions for a.s. w € €2,

(H1) x (w) is tempered, closed, positively invariant and absorbing;

(H2) x (w) has a finite covering with radius ry ,, that is, Ny, , (x (0)) = N,, < 00, where g,
is tempered and satisfies (2.1);

(H3) There is a positive constant 7 (independent of w), and a random variable L, =
L,(T) > 0 such that

|p(t, @, v1) = d(t,0,v0) |, < Lollvi —vallx,  Vv1,v2 € x(@),VE< T;

(H4) ¢(T,w) is C* on x(w) and D,¢(T,w) € L;,,(X) for some positive random variable
Aws
(H5) (2.5) are satisfied with 0 < E[InK,,] < 0o, 0 < E[InN,,] < 00, and there exists gy €
(0, %), &1 > 0 such that —oo < E[In 8,,] < 0, where B, = 2(2(1 + &1)A,, + &9).
Our main result in this section read as:
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Theorem 2.1 Assume that conditions (HO) ~ (H5) are satisfied. Then there exists a ran-
dom exponential attractor {€(w)}weq for the continuous cocycle ¢(t, ) with the following
properties: for a.s. w € €2,

() () C x(w) is a compact set of X;

(i) ¢(t,0_,w)E(0_1w) C E(w) for all t > 0;

(iti) dimy € () < - 2Kl
(iv) for any B € Dy, there exist T, g > 0, b, > 0 such that

<005

E[ln Bw] t

dy, (¢(t, G_tw)B(Q_tw),g(w)) <by,e 8T ', t>T,p.

Proof For any n € N, m € Z, we define the discrete cocycle:
¢(n,m,w) = p(nT,0,,rw), x(m, @) = x (O o). (2.6)
It is easy to check by cocycle property in definition 2.2 that for any n,n1,n, e Nyme Z

¢(n1! m+ ny, w)¢(n2, m, a))

= ¢(ny + no, m,w), p(n,m — n,w) x (m — n,w) C x(m,w). (2.7)

Firstly, from (2.5), we can get the covering of ¢(n, m — n, ) x (m — n, w) by induction on
n.If n = 0, then by (H2) and the identity of ¢(0, w), we have

Nm,w

¢(0: m, w)X (Wl, w) =X (m: w) - U B(u(),m,a),i; rO,m,a)) n X (Wl, Ll)), (28)
i=1

where 79, = 70,6,,70) Nmw = No,po and 4o m e, € x (M, ), Vi < Ny, .. The first generation
of points consists of these centers, defined as

BO,m,w = {MO,m,w,L’ U m,w,25 MO,m,w,Nm,w} Cx (Wl, a))~

For n = 1, we get from (2.5) and (2.8) that

Ni-1,0

¢(1’m - l,w)x(m - 1,0)) = U ¢(1,Wl - 1’a))[B(MO,m—l,m,ﬁrO,m—l,a)) N X(Wl - lrw)]
i=1

Km—l,wNm—l,tu

- U B(U1,m-1,0,i5 Bm-1,070,m-1,0)> (2.9)
i-1

where K1, = Ko, 1yro and Uy 10; € O(lL,m — Lw)x(m - L,w) C x(mw),

Vi < Kyy-1,0Nm-1,0- The second generation of points consists of these centers
Bim-1,0 = {t1,m-1,0,15 -+ Wlm-1,0Kp_1oNm_1) C X (171, ®).
When n = 2, we get from (2.5), (2.7), and (2.9)

¢2,m—2,w)x(m-2,w)

Page 6 of 24
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=¢p(l,m-1,w)p(1,m—2,w)x(m-2,w)

Km—Z,wNm—Z,w
C 'Ul ¢(17 m — 17 (,()) [B(ul,m—Zw,i; ,Bm—Z,er,m—Z,w) N X (Wl - 1r (,())]
i=
Km—l,me—Z,wNm—Z,w
C 'Ul B(”Z,m—z,w,i; ﬂm—l,wﬂm—2,wr0,m—2,w))
i=
where u3 24, € 9(2,m -2, 0)x(m - 2,w) C x(m,w),i < Ky 1Kn-20Nm-20- The third
generation of points consists of these centers

Bom-2,0 = {t2,m-2,0,15++» U2, m-2,0 K1 Km-20Nm_20) C X (11, ®).

For general 1, we can induce that

Ki~nmoNm-no

¢(n: m-—n, w)X (WZ - n, a)) = U B(un,m—n,w,i; ,Blwn,m,wro,m—n,w);
i=1

Where I<1~n,m,w = ]<m—1,w : I<m—2,w' . 'I(m—n,(w ,31~n,m,a) = ﬂm—l,w : ,Bm—2,w"':3m—n,w and
Unm-nwi € P(,m —n,w)x(m — n,w) C x(m w),i < Ki~pmoNm-no- The (n + 1)th gen-
eration of points is

Bn,m—n,w = {un,m—n,w,lr veey Mn,m—n,w,Kl,vn'm,wNm,n,w} Cx (Wl, a))

Secondly, we construct a random exponential attractor by adding the points chosen in
step 1 to the random attractor A(w) C x () in X. We define

X

B(I’}’l, a)) = U Bn,m—n,w (C X(mx w)):

n=0

Cim o) =|_J oG, m—j,0)Bim - j,),
j=0

and
E(m,w) = C(m,w) U Alm, w),

where A(m, ») = A(0,,7@) and A(w) is the random attractor for ¢ (¢, w) (see assumption
(HO)).

Finally, by using a similar process presented in [19], we can show that {£(w)},eq is a
random exponential attractor for {¢ (¢, w)};>0weq in X, here we omit it. The proof is com-
pleted. d

3 Application

3.1 The RDS generated by (1.1)~(1.2) and some useful results

We consider the probability space (2, F,P) where Q2 = {w € C(R,R) : w(0) = 0}, F is the
Borel o-algebra induced by the compact-open topology of €2, and PP the correspond-
ing Wiener measure on (€2, F). The Brownian motion W (¢, w) is identified as w(¢), i.e.,
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W(t, ) = o(¢),t € R. Define the time shift by 6,0(:) = o(- + t) — w(t),w € Q,t € R, then
(2, F,P,(0;)1cr) is an ergodic MDS.

For our purpose, we need to convert the stochastic equation (1.1)~(1.2) into a deter-
ministic equation with a random parameter. We introduce an one-dimensional Ornstein—
Uhlenbeck process, which is given by z(6,w) := — ffm e'(B;w)(t)dr,t € R, and it solves the
It6 equation

dz +zdt =dW (). (3.1)

It is known from [33] that the random variable z(w) is tempered, and there is a §;-invariant
set 2 C Q of full P measure such that for every o € Q, t > z(6,w) is continuous in ¢ and

1 1t
|z(6; )] -0, lim _f 2(Bsw) ds = 0. (3.2)
0

t—=+o0 ]| t—+oo t
We set a(w) = e?*®), From (3.2) we can easily show that a(w) and a~!(w) are tempered.

Let v(t) = a(6;w)u(t), and we can consider the following evolution equation with random
coefficients but without white noise:

% —Av+aP0) P + a(@ta))f(x, ofl(@tw)v) = g(x) + bz(6:w)v, (3.3)

with Dirichlet boundary condition

vlop =0, (3.4)
and initial condition

v(0) = vo(w) = a(w)up. (3.5)

By the normal Faedo—Galerkin methods (see [22]) or a similar result for the determinis-
tic case in [32], one can show that v(t, w,v,) € C([0,00); L2(D)) (N L*(0, T; H} (D)), ¥T > 0
and Vvy € L*(D). By the embeddings H}(D) C L%(D) C L*(D) (1 < p < 3), we see that
v(t,w,v) € L?#(D) for V¢t > 0 and Vvy € L¥(D). Let u(t,w, ug) = o~ (6,0)v(t, w, a(w)uy),
then u(t, o, ug) is a solution of (1.1)~(1.2) with uy = @1 (w)vy. We now define a mapping
@ :R* x Q x L¥(D) — L% (D) by ®(t, 0, up) = u(t, w, up) = a1 (B;w)v(t, w, a(w)ug). Then &
is an RDS generated by (1.1)~(1.2) and continuous in L% (D). To simplify the calculations,
we only consider the continuous RDS generated by (3.3)~(3.5), i.e.,

¢(tr w, VO) = V(t, w, VO): (36)

and check the conditions presented in Theorem 2.1 for ¢ (¢, w).

With a standard procedure (see [32] for deterministic case and [13, 30]) for stochastic
case), one can get the existence of a random attractor in L% (D) for ¢ (¢, ). In order to
avoid the paper being tediously long, we just give the result below.

Theorem 3.1 Assume that (1.3)~(1.5) hold. Then the RDS ¢ (¢, w) defined in (3.6) has a
unique random attractor Azp = {Ay(®)}weq € Dy in L? (D).
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The above theorem implies that ¢(¢, ), defined in (3.6), satisfies the assumption (HO).
To prove the Fréchet differentiability and to construct the absorbing subset described in
assumptions (H1)~(H5), we need the following regularity:

Lemma 3.1 Assume that (1.3)—(1.5) hold. Let D= {D(®)}weq € Doy and vy € D(w). Then
forP-a.s. w € Q, there exists Tp(w) > 0 and a tempered random variable M(w), such that
the solution v(t, w, vo(w)) of (3.3)—(3.5) satisfies, for all t > Tp(w) + 1,

” v(t, 0_;w, vo(G_ta))) < My(w).

”6p

Proof Multiplying (3.3) with |v|%?~2v to get

%%Hv(t) ||§§ + (=Av, VP 72) + a2 (0,0) ([P, V[P 2Y)
+a(0,0)(f (x, 0 Oro)v), V[P 2v) = (g, v 2v) + bz(@w)”v(t)“ij (3.7)

For the second term on the left-hand side of (3.7), using (3.10) and (3.13) in [20] and the
imbedding theorem, we have

2p-1
P>

(=Av, v %) = (Vw2, V), (3.8)

and
/ 2
clvliz + vl < v (3.9)
So we obtain

d 2 2 2 _ _
VO, + eallvilzy + eslivilg, + 2pa @) (f (0~ @.0)v), W7 2v)
_ 2 2p-1 2
<2p(g VI*7v) + coz(Br) VIl < cligllaplivliy, + cez(Br)lIv,

c
<ct IVl + coz(r) V5. (3.10)
Applying (1.4), we can estimate the fourth term on the left-hand side of (3.10) as

—2pa® (0,0) (f (%, 0~ (Br0)v) ™ (Br0)v, [V 72)
< 2}70{2(6%60)(—voz‘q‘l(@w)IVIq+1 + B, |v|2p—2)

c
< 2pa(0,0) (B, VI*2) < ca® (O,0) + Z‘*nvnﬁj (3.11)
Combining (3.10) and (3.11) yields
d »w [cCa % 2 2
7 lv@ll;, + 5 ~620:) ) IVilz, + eslvllg, < c(1+a®(6,0)). (3.12)
Therefore, applying the Gronwall’s inequality, we have

L
||V(t) ||§§ < e‘fé(%_%z(&w))dsnv(()) ||§Z + 07/ et (%"Céz(alw))dl(l + a2p(6?sa))) ds, (3.13)
0



Wang and Hu Advances in Continuous and Discrete Models (2024) 2024:2

and

t+1 c [
ft i ezt dl ) HZ ds < celo(F 620N ds | (1) ||§§

t+1
+ c/ efo(%_cﬁz(el”’))dl(l + aZ”(GSa))) ds. (3.14)
t
We define
0 S, C4
Mi(w) = ¢, / el -eeloNdl (1 4 4% (9 ,w)) dis, (3.15)
—00
and M, (w) is a tempered random variable by definition. Thus
|v(e) ||2 e o3 ~ez0ueN s |0 ||§§ + My (6,0). (3.16)
(3.14) implies that there exists ¢ = £ (w) € (¢, ¢ + 1) such that
s 7—cez<esw>)ds||v(tl)||§£ < celo(Fcerlbsw)ds v(e) ||2p
t+1 -—
+ c/ efO(T_%Z((”“’))dl(l + azl’(esw)) ds
t
Putting (3.16) into the above inequality we get
2 _ o fot (3 -cozlbs0)) d 2p
[venlg, = e Gt uo]

toca_ i S (%4 _
4 el (3o 0N sy oy / el EessNdl (1 4 o209 1)) dis
t

Therefore
||V(t1)||6p < ce fo (cg—coz(bsw)) ds HV(O)H 6p +Cejtl cg—c9z(65w)) dsM3(9tw)
t+1 s o dl t+1
+ c/ ¢ (8709201) ds/ (1+ aép(esw)) ds
t t
< Ce—f(fl (cg—coz(bsw)) ds H V(O)ng + ce f”l (Bsw) |dsM3(9 w)
= p
t+1
+ ce°9ft gsw)lds‘/ (1 + oz6p(93a))) ds. (3.17)
t
Next, we take the inner product of (3.3) with |v|~2y in L%(D),

o i 1Ol + (CBuIP20) a2 0) (v, i)

+a(0,0)(f (x, a7 Gro)v), V¥ 2v) = (g, VI 2v) + bz(@ta))”v(t)”zﬁ

Using (-Av, |[v|?72y) = %(VMB’”, V|v|?r) > c||v||2ﬁ and a similar procedure of (3.12), we

obtain

%”v(t) [+ (e10 - enz(0,0) [v(®) |2 < (1 + a®(6,)). (3.18)

Page 10 of 24
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We integrate the above inequality on [£1,£ + 1] (¢ € (£, ¢ + 1)) to get

e+ D15 < eftaoanstn a7 s ¢ [ elsonstnas o o,0) ds
¢
< cell 1 2(0s0)) ds “ w(t) “ ZP
- P

t+1
4 e S 120 ds / (1+ 0% (6,0)) ds. (3.19)
L

Putting (3.17) into (3.19) and noting that #; € (¢,£ + 1), we have

||V(t+ 1)”6 <612€CH[Z 2(Osw)| ds —fo cg—coz(Osw)) ds || O) ||

t+1
+c13€15 AaEC ‘dSMB(Ota)) + cl4ecl6ft l2(0s0)] ds / (1 + aGP(GSa))) ds
t

< cueC“ ft |z(0sw)| ds —chcgf |z(0sw)| ds “ V(O) “617
2p

t+1
+ C13€15 I 1e6s) M3 (0,0) + c14e616ft |2(65)| ds f (1+a®(Osw)) ds.
t

Substituting 6_,_;w for w in the above inequality, we get

[v(t+1,0_-10,vo(0—_-1)) HZ;

< clzec“ft |2(65—¢-100)| ds —Cst+69j 2(Bs—¢10 IdS” (0) ”
+ clge%/f (5110 |dSMS(Q 1)
t+1
c16 1 12051 0) | ds ' 6p
+ c14€°16 )t (1 +a (GS_Hw)) ds
t

< cppet f_ol IZ(OSw)\dse—cgmcg jf)t—l |z(Osw)| ds || (0) ”617

0
+ 1315 OO AN (0| ) 4 ¢y ge16 /1 O ds / (1+a®(b0))ds. (3.20)
-1

Let
0
Mz(a)) =1+ 613€C15 f‘l ‘Z(gs“’)‘dsM:f(@_lw)

0
+ C14€°16 I 'Z(st))‘dsf (1+a®(Osw)) ds. (3.21)
-1

From (3.2), we know that ¢ S 205 ds g tempered, thus M,(w) is tempered. Since v, €

D(w), from (3.20) there exists a T(w) > 0 such that for all £ > T (w) + 1

[v(8,6-10,v0(0-1)) | < Ma(@).

1
Then the result holds with My(w) = M;p (w). The proof is completed. O

Let By = {Bo(@)}wea = {u € L¥(D) : llullep < Mo(w)}wen. Then, by Lemma 3.1, we see
By is a random absorbing set over D,, in L?(D) and there exists T3, (w) > 0 such that
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¢ (t,0_;w)By(0_;w) C Bo(w). We define

xn@= |J ¢ 0-0)B0- o). (3.22)

s> TBO (w)

3.2 The Fréchet derivative of ¢(t, w)
Set F(x,u) = |uP"'u + f(x, u) and denote D, (F(x, u)) the Fréchet derivative at u. From the
assumption (1.3)—(1.5), we have

F'(,u) = —L |F'(x, 1) | < (1 + [u™),

|F"(r, )| < c(1+ |uf™?),

F(x,u)| < clul? + k (x), (3.23)
where /, ¢ are positive constants and « (x) € L% (D).

Lemma 3.2 Assume that (1.3)—(1.5) hold. Then for any x € D, F(x, u) is from L% (D) into
L?(D) and Fréchet differentiable, that is, D,,(F(x, u)) € L(L®?(D), L* (D)). Moreover, for any
u, u1, Uy, h € L% (D) and any x € D, we have

(1) Dy(F(x,u))(h) = F'(x, u)h;

@) 1F @ w)ll cgoroy 2oy < €L+ lullg));

) 2
(3) 1F'(x, 1) = F'(, ) | cuse 2oy < €1+ Nlualig,” + lluallg, ller — s l6p-

Proof By (3.23),

1
2p
|EGw],, = { / |E(x, )| dx} < cllully, +cllkll2p < cllulig, +cllx ll2-
D
This implies that F(x, %) is from L% (D) into L% (D). Moreover, from (3.23), we have
||F(x, u+h)—F(x,u) — F'(x, ”‘)h”zp
1
’ ’ 201112 ¥
= [F (x,u+91h)—F(x,u)] |h|P dx
D

1/ 2p 4 ﬁ
< |F (%, +92h)| |h|* dx
D

—2\2P | 714 ﬁ
<ci | (1+|u+6:hP?) |0 dx
D

—2 -2
< 1+ llullf sy + AlIE o) IEIZ,

<cir(L+ ull)? + 115 2) 1A112,,
where 0 < 61,0, < 1, this suggests that F(x, u) is Fréchet differentiable and (1) holds.
Using (3.23) again, we obtain

1

|F' )], = { /D |F'(x, u)\ZPhZI’dx}E

Page 12 of 24
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% %
< c{/ (1 + |u|”_1)2ph21’dx} ' < c{/ (1 + |u|2”(‘”_1))h2pdx} '
D D

-1 -1
< c(1+ ullg, o) 17llep < (1 + llullg, ") I nlleps (3.24)

and

1
|E’ (%, 1)l — F(x, uz)h||2p = {/ |F'(x,u1) - F'(x, uz)‘zpth dx} v
D

1
= {/ |F" (% u1 + 63 (u — ul))|2p|u1 — uy| P h¥ dx} v
D

1

P-2\2p 212 2p
5c{/(1+ |ur +03(un — ) [77) ¥ |y — | pdx}
D

-2 -2
<c(1+llmllg,” + llualle,”) lur = wsllepllPlep, (3.25)

where 0 < 65 < 1. Thus, (3.24) and (3.25) imply (2) and (3), respectively. The proof is com-
pleted. d

Lemma 3.3 Suppose that (1.3)~(1.5) hold. Then v(t,») is Fréchet differentiable in x;(®)
foreveryteRanda.s. o e Q.

Proof For any vo and vg + & € x1(w), we assume that v; = vi(t) = v(t, @, vo + h),va = va(t) =
v(¢, w, vp) are two solutions of (3.3) starting from vy + /2 and v, respectively, and set w(z) =
v1(t) — vo(t), then w(¢) satisfies

6;—]: —Aw+ oz(@ta))[F(x, a‘l(Gta))Vl) - P(x, a‘l(Gtw)Vg)] = bz(6,w)w, (3.26)

The linearization is

‘fi_Lt’ — AU+ F (5,07 G ) U = b(By)U. (327)

Setting ¢ = w — U, then from (3.26) and (3.27), we have

d
d—‘i - Ag + F (%07 (Gi0)v1) g

+[F (%07 (i0) (v1 + 0a(vy = 1)) = F' (w0 (O0)1) [w = bz(6,) e, (3.28)
where 0 < 04 < 1 and
®(0) = 0. (3.29)

Multiplying (3.26) by |[w|*~2w and using (3.8), (3.9), and (3.23), we get

d
p || w(t)||§£ - (c18 + C]9Z(95a))) ||w(t)||§£ + c||w(t) Héﬁ <0. (3.30)
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Therefore, for all £ > 0,

|| W(t) || iﬁ E ejg(C18+C19Z(9sa))) ds ||h ”%i‘ (3'31)
Multiplying (3.30) by e~ fitersreroz@) dl then integrating in [0, £] yields

t
i () dl 2p 2 _ 2

C/O o Jo (s +eroz(Or ”w(s) ”6p ds < H w(0) ”2p = 112

Thus, there is a t; = t,(w) € (0, t) such that
L
|| W(tz) || 211: < Cefoz (c18+c192(Osw)) ds ||h”§§. (3.32)

Next, taking the inner product (3.26) with |w|%~2w, using (3.23) and (—Aw, |w|%?~2w) >
c||w||2§, we obtain

d 6p 6p
D11 - (e + enzteran) [wio |2 <0.
Thus, by integrating the above inequality over (£, ) and using (3.32), we have
t L t
|| W(t) || 21; S Cesz (c20+¢212(0sw)) dsefoz (con+c232(05w)) ds ”h ”gﬁ E 06624 /0 (1+|z(6sw)|) ds ”h ”gﬁ' (3‘33)

|2p—2

Taking the inner product of (3.28) with |¢ @, we obtain

d
dt ”90”%5 +2p(=Ap, 917 29) + 2p(F (%, (B:0)v1) @, |0 p)

+2p([F (%07 (0:0) (v1 + Oa(va —v1))) = F'(x, 0 (Opo)v1) [w, |9 # 2 )

= 2pbz(0,0) ¢ I35 (3.34)
Using Lemma 3.1 and (3) in Lemma 3.2, we have

2p|([F (07 0} (v1 + 0a(v2 = 11))) = F (0™ (@) [wi |7 2) |
<2p|F (%07 (6,0) (v1 + Oa(v2 — 1))

- 2p-1
—F,(X,Ol 1(9¢(1))V1) ”L(Lﬁp(D),sz(D))||W||6p||¢7||2§

2p-1

- - -2 _ -2
<ca M (Ow)(1+a® p(9tw)IIV1II§p +a’ p(etw)”‘QHIgp )Ilwllépllsvllzp

— _ 2p(p-2 — 2p(p-2 4, 2
< @™ (0,0)(1 + 2P (B,0) 1|27 + PP G,0) [l ) Iwligh + clloll5h
< 05077 (0,0) (1 + 2072 (B,0) M (0,00)) IWllE) + el

= M3(0,0) 1wl gh + cllgll5h, (3.35)

where

Ms(o) = easa 2 (@) (1 + 20222 () MF P (o). (3.36)
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Putting (3.35) into (3.34), we have
d 2p 2p 4p
pr lelly, < (ca6 + c272(Br0) 0I5, + M3(0,0) Wl
Apply Gronwall’s lemma to get
2 b s 4
||(p(t) Hzﬁ < f eI (cop+earz@Ndl A () || w(s) H; ds. (3.37)
0
Then from (3.33) and (3.37), we obtain, for any ¢ > 0,
t
”(p(t) ”Z < 028/ M3(esw)e‘fzs(026+6272(91w))d1e629f5(1+IZ(9sw)I)dS ds||h||§§
0
t
< Cpge® 13(1+IZ(9sw)DdS/. MS(gsw)e—J}S(czeﬂzﬂ(@zw»dl d3||h||§§~ (3.38)
0

(3.38) implies that, for fixed ¢ and w, v(f, ®) is uniformly Fréchet differentiable for every
point in x;(w) in the topology of L% (D). The proof is completed. d

3.3 Decomposition of v(t, w)
In this subsection, we consider the linear version in L% (D)

t7 ) h - t; 4
Duo(v(t,w)):lli_r)% v(t, w, g + V/,(l)) w wuo)‘

Let w(t) = v1(t) — vo(t) = v(t, w, ug + hvo) — V(t, w, ug), then

L — AW+ ' P (Or)([v1 P vy — [P~ v)

dt
+a(6,0)[f (%, a7 (B,0)v1) — f (%, 7 (O,0)v2)] = bz(B,0)W, x€D, >0, (3.39)
w=0, x€dD,t>0, .
w(0) = hvy, xeD.
Defining W (¢) = lim_.o 7, we get
D _ AW + pa? (6,0)v1 W
+f (x, a0 H(O,w)v1) W = bz(,0)W, x€D,t>0,
_f( (rw)v1) (6:) (3.40)
W =0, x€dD,t>0,
W(0) = vy, xeD.

We split (3.40) into

% - AW, + pa' P (0,0)|v1 P W, = bz(0,0)W;1, x€D,t>0,
Wi =0, xe€dD, t>0, (3.41)
W1(0) = vy, x €D,

Page 15 of 24
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and

L0 — AW, + pa' P (0,0) v [P~ W

+ (%, a0 HO,)v ) (W1 + Wh) = bz(0;0)Wa, x€D,t>0,
W, =0, x€dD,t>0,
W>(0) =0, xeD.

(3.42)

Clearly, we have W(£) = Wy (t) + Wa(2).

In the following, we prove that W, (T) is compact in L% (D) and W1 (T) is contractive in
the mean in L% (D) for some T > 1. The proof of the following lemma is similar to some
parts of Lemma 3.1, here we only give the sketch.

Lemma 3.4 Suppose (1.3)~(1.5) hold, then for a.s. v € ,
(1) for anyt > 1, Wy(t,w) is compact in L (D);
(2) there exists a tempered random variable A, such that for any t > 0 it holds that
| WAz, a))||£(L2p(D)) < Atws
(3) forany g € (0, %), &1 >0, there exists T > 1, which is independent of w such that
—o0 < E[lnB,] <0, where B, = 4(1 + £1)Ae + 280, Ay = AT -

Sketch of Proof (1) As the proof of (3.20), by taking the inner product of (3.40) and
(3.41) with |W|?=2W and |W;|%~2W,; respectively we obtain that W(t) and W, (¢) are
bounded from L% (D) into L% (D) for every ¢ > ¢* and for some t* = t*(w) € (0,1). Thus
Ws(t) = W(t) — W, (¢) is bounded from L% (D) into L% (D). similarly, it is also a standard
procedure to get that W5(¢) is bounded from L% (D) into Hj(D) for any ¢ > 1. Therefore,
by the compact embedding H} (D) <> L?(D) and the interpolative inequality

[ 1-6
lloellop < llzellgpllzell ™™,

it is easy to prove that W5 (t) is compact in L% (D) for ¢ > 1.
(2) Multiplying (3.41) by |W;|%#-2W/, and using (3.8) and (3.9), we get

d 2 2
21 Wil + (a1 = €522(0:)) I Wil < O,
Thus,
2, _ [t _ 2
” Wi () HZZ < e Jolenr 6322(9sw))d8||1,0||2§'

Let

Mo = 26" % fol(CSl—CBZZ(GsCU))dS’ (3.43)

then for any ¢ > 0 we have | W1 (¢, )|l £u20(py) < Mo

(3) From (3.2), we see lim;_, . oo Ay, = 0, thus limy_, ;o0 E[A;,] = 0. There exists a T, which
is independent of w such that, for any ¢ > T, it holds that In(2eo) + 2(16;081)]3[)%&)] <0. Let
Ao = AT, then we have

E[lnB,] = E[In(4(1 + 1), + 2¢0) ]

Page 16 of 24
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Aw):| <In(2gg) + @E[Aw] <0.
0

2(1 +¢&1)

=1n(2¢&0) + E[ln(l +
€o

The proof is completed. d

We choose the constant 7" obtained in Lemma 3.4, and set

T . =
May(w) = (czgec” foT(1+\Z<05w)\)dS/ Ms(esw)e_fT(026+027Z(91w))dl ds> p' (3.44)
0

Then M,(w) is positive and tempered, and we can rewrite (3.38) as

lo(T,@)],, < Ma(@) I3, (3.45)
Let

M) hll2p < &0, (3.46)
and define

Fow = €My (@), (3.47)

then from Proposition 4.3.3 in [33] we know that rq, is tempered. Moreover, rq , satisfies
(2.1). (3.45)—(3.47)implies that for any fixed &y > 0, we have [|¢(T, ®)|l2, < &0l for all
0 < |lAll2p < 70,0, thus (2.1) hold.

3.4 Construction of x (w) and the main result

In this subsection, we construct N, and the positively invariant set x(w) described in
(H1) ~ (H5) for the RDS ¢ (¢, ) and prove that K,,, N,, and B, satisfy (H5). Since Ay, (w) is
the random attractor for the RDS ¢(¢, ») in L? (D) (see Theorem 3.1), A,,(w) is compact in
L% (D). We assume the UZ?"" “ap (w))B(u,»; ro,0) is the covering of Ayy(w) in L (D), where
Ny, (A2p(@)) is the minimal number of balls with radius ro,, covering Ay,(w) in L?(D),
then by Lemma 2.3 in [20] we get:

Lemma 3.5 There exists a random variable,, (0 <7, < ry,) such that
Nrg., (A2p(@)
U Bsrw) DM, (Ay()),
i=1

where N5, (Asy(w)) denotes the closed 7,,-neighborhood of Ay, (w).

Define

x(@) = < U 46 9_sw)Bo(9_sw)> NN5, (A (@) (C x1(@)). (3.48)

S>Tl§0(w)+1
Since the 7,,-neighborhood of A,,(w) is absorbing, x (w) is nonempty and satisfies

N, = Nro,w (X (a))) = Nro'w (A2p ((‘))) (349)
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Lemma 3.6 Suppose (1.3)~(1.5) hold, then —oco < E[In B,] <0, 0 < E[InK,] < 00 and 0 <
E[InN,] < 00.

Proof The first result has been proved in Lemma 3.4.
From [18, 19], we have the following results:

T €
B¢/ 1#0014] < o7, o3> > 1,7 €R,£>0, (3.50)

E[e)] < (1 + %)efz. (3.51)
Taking the inner product of (3.27) by |U|%*~21/, we can get

d
I35 = (53 + c3az(O) 1 U5 <O,

Thus

” U ” ;p < efot(c33+634Z(9sw))ds ”h”g
p =
This implies that

sup [ Dg(t, )], < elotanrensteonds (352)
vex (@)

From Lemma 2.2 in [21] (see also Lemma 2.2 in [20]), we can get that v(w) <

CSUP,c () IVll2p- Since x (@) C Bo(w), we have

v(w) <c sup |[vllyp <c sup [[Vlep < cMp(w). (3.53)
vex(w) vex(w)

Recall that (see (3.21) and (3.15))

Mo(w) = M (@),

0
0 0
Mo() = 1 + c3e15/1 ‘Z(gsw)‘dsMi’(O_lw) +cpqet6 'Z(QS‘”)MS‘/ (1 + a6”(93a))) ds,
-1

and

0 /C
M (w) = 07/ ef0(747662(9’“’))dl(1 + 0121’(03(0)) ds.

(o¢]

Using Young’s inequality and /x < €*, we get

0 C. S 0 C,
M (w) = c/ 2526 fo)dl gg c/ e74s(1 + o (6,0)) ds. (3.54)
-0

—00

and

0 S C.
InM;(w) =1n <C7 / 610(74_06“9"“))”11(1 + oezP(QSw)) ds)
-0
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o, . 10 2
<In [c(/ e 35726 Jo 20rw)dl ds) (/ 674S(1 + a4p(95a))) ds) ]
—o0 —00

o, . o,
<c+ / 2526 Jo)dl g f e745(1 + o (6,0)) ds. (3.55)
—00 )

From (3.54)—(3.55) and applying (3.50)—(3.51), we have E[M;(w)] < +oo, E[InM;(w)] <
+00. Similarly, we get E[M;(w)] < +00, E[In M (w)] < +00. Thus, from (3.53), we see

]E[v(a))] < +00, E[ln v(w)] < +00. (3.56)

By using (2.3), (3.43), and (3.52) with ¢ = T, we have the following estimate

su Dv T,Cl) + 2A'Lu
InK, =Inv(w) + v(w) <1n2 + ln(l + Preyio) 12T @)l ))

20 0E

1 Sup,cy (o IDvO(T, @
<Inv(w)+v(w)|{In2+ - + Prey ) I1Dv( Ml2p
3 2 €

2
SUPyey () 1DV (T )ll2p ) pra

<55+ Inv(w) + c3gv? (W) + 037( .
wE

T
< ¢35+ Inv(w) + c3gv? (W) + C4Oef0 (cag+esglz(Osel) ds, (3.57)

Therefore, from (3.50), (3.51), (3.56), and (3.57), we conclude that 0 < E[InK,] < co.

To prove 0 < E[InN,] < co, we assume that the sequence {k/};’fl, O<Ai <A <.--- <
Aj = 00,j — 00, and a family of elements {e; jofl of D(-A), which forms an orthogonal
basis in both L*(D) and H} (D) such that

~Aej=ne, VjeN.

Given #, let X,, = span {ey,...,e,} and P, : L>(D) — X,, be the projection operator. For any
v € H}(D), we write v =P,,v + (I — P,y,)v:= vy + vs.

Let wy = P,,w, wy = (I — P,;)w, where w is the solution of (3.26). Now we multiply (3.26)
with —Aw; to get

d , _
d—t”VWlH2 + [ Awy | + (F' (%, I(Qtw)(w +60(vy —v1)))w,—Awy) = bz(0,w) || Vw1 >,
Since v1,v; € x(w), by applying (3.23), we can estimate the nonlinearity as

|(F’(x, a‘l(Qta))(vl +60(va —v1)))w, —Awy) |
< c/ (1+ |Ot_1(9ta))1/1|2p_2 + !a‘l(Qtw)vz|2p_2)|w|2 + %||Aw1||2
D

2p-2

_ 2p-2 _
< c(1+ > G)vi 17 + a> X G |22,

1
)wli3, + EHAWIHZ

2p-2
6p

2p-2

2-2
< C41(1 +a P (O,w)vi 6p

1
+ > (G,0)vallgy )Wl + E”AWIHZ

1
= Ms(0:) W3, + I Aw %, (3.58)
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where
Ms() = car[1 + 20> 2 ()M ()] (3.59)
Therefore
d 2 2 2
p IVwill* = bz(6,) Vw1 " < M5(0,0) w5,

Applying the Gronwall’s inequality
” Vi, (8) “2 < o o 26s0) ds || Vw,(0) ||2 + /t e b [0 dpr (9. ) ”w(s) ||§p ds
0
< (3"f(§"‘(93“’)ds||Vh||2 + /Ot e_bffsz(el“’)dlM5(95w) ”w(s) ||§p ds. (3.60)
Putting (3.31) into (3.60) and using the inequality /x < €*, we have

t

t S S

|| YV, (0) ”2 < ebfo z(st))ds” vh”Z + / e_bft z(0)w) dlef0(042+0432(61w))dlMS(esw) dS”]’l”%p
0

t
S c <eb jot z(@sw) ds + / e—bj; Z(G[a)) dlefé(042+0432(91w)) dlMs (OSCU) dS) ” Vh ” 2
0

t
< C(ehfé le(6se0)lds b [ 12065 ds 3 car+eas|2@reo))) b / Ms(0.0) ds) VA
0
< C(eb JE 12(650) | ds et JE12(650)) ds efg(C42+C43\z(e,w)|)dz ) ngs(esw)ds)”V h?

< cejg(zb\z(asw)|+c“+m|z(9sw)|+2M5(9sw))ds”thz _ CMefg Cl(esa))ds”vhHZ, (3.61)

with

Ci(w) = 2b|z(a))| +Ca + c43|z(w)| + 2Ms(w). (3.62)

Similarly, we take the inner product of (3.26) with —Aw;, to get

d 2, 1 2 2 2

$IIVW2II 5 IAw| < M5(0,0)|wll5, + bz(6:0) | Vw1 |
By applying Poincaré inequality

[AV2]* = A [Vr2]l?, Vv e D(=A),

we get

d Am+1
EIIV%II2 + '; IVws? < M5 (6,0) I3, + bz(6,0) | Vwall?,

Thus

| <e™

||sz(t) <e 5t t||Vw2(0) ||2 +e” gl t/ eAW?lSMs(st) H w(s) ”ip ds
0
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t
Lo f 5 b2(60,0)]| Vo) ds
0

t
A m+1 Am

VA2 +e %5 [ e Fh My (0,0) | wis) 5, ds
0

A t
_m+lt
+e 2 /6

0

To estimate || Vw(¢)||2, we multiply (3.26) by —Aw and using a similar inequality as (3.58)

m+1
St

<e

L (G) | Vw(s) | ds. (3.63)

to get
d 1
—[IVw|* + = | Aw|?
T Vw® + 2|| wii
< Ms(6,0) | wll3, + bz(6,0) |V w||* < (bz(610) + cM5(6,0)) [ Vwl|.
Thus
”VW”2 < efot(bz(gsw)+CM5(95w))ds”VhHZ' (364‘)

From (3.31), (3.63), and (3.64), we obtain

[vwa)]”

Am

t
1 Al Al s
<e T Vh|2+eTE f/ e My (O,)elo e dl gy 2
0

t
+e—l”‘2+1t/ e)"mz*lsbz(esw)efg(bz(élw)+cM5(le))dldsnvh”Z
0

rm

< & B V|2 + celolcarrenlzbsw)) ds o

)Lm+ t )“m+
z”/ e M (0,0) ds|| V||
0

t At ¢ At
+ efo (blz(Or)I+eMs (6,0)) dle_ 2 Lt / e 2 : SbZ(QSL()) dSH Vh“z
0

_tm

<e 2+1£||Vh||2 + celolcarreaslz@o))) ds

Aml ! % ' %
« eTt(/ ghms1s ds) (/ Mz (bsw) dS) IVh|>
0 0

: 1 . 1
+ e BN 00 dl - (/ e ds) 2 (f B2(00) dS) Nk
0

0

1
o 1 t 2
<e 5 vn)? + cefé(c42+c43‘z("sw)”ds\/? (/ Mz (Os0) ds) VA2
m+1 0
1

1 t 2
5 (blz(6,0) | +cM5 (0)0)) dl (/ b2 (0,) d. ) (VA
+ e z w)as
N Ame1 \Jo ’
_rml

<e % t||vh||2 + a;sec%fot(1+|z(95w)|+z2(63w)+M5(Gsw)+M§(05w))ds||Vh||2

m+1

< e[| V|| + selo sy 12, (3.65)
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where

5= \/i‘i_l () = ca(1 + |2(@)| + 22(@) + Ms(@) + M2(w)). (3.66)
Setting

Co(w) = Ci(w) + Cy(w), (3.67)

then from (3.50) and (3.51), one can check that E[C3(w)] < oco. Since (3.61) and (3.65)

hold for any ¢ > 0, we first choose #; > In4. Then fix m large enough such that 0 < § <
—2_2E[C2(w)]

%e 3 0o , thus (3.61) and (3.65) implies that ¢(¢, ) satisfies (II) in Theorem 2.2 in

[34]. Thanks to the case (II) in Theorem 2.2 in [34], we have the following covering:

—
Y
A U By yie 352, (.:68)
j=1

where BH(% (D)(u{)k; L %bw) denotes the ball in H}(D), E[Inb,,] < oo and

n,g(*{s—%n) , 1=1,2---k (3.69)

Since [|u|2, EZ”“”H&(D)’ (3.68) implies

niny--Mg

Ap(@)C | B(iyses"b,), (3.70)
j=1

where B(L[gk;z'e‘g In3 b,) denotes the ball in L% (D).

Ky 4
Since e 2"3p,, — 0, k — 00, there exists k,, such that

_ko 1p 4 ~ _ko=1 .4
ce 2 l“3b,,)<r0,(,)§ce T In3p,, (3.71)

This implies

ko - [2(1n?+ Inb, —lnro,w):| il

3.72
ind (3.72)

here [-] denotes the greatest integer function. Using (3.50), (3.51), and the inequality \/x <
€, one can show that

T
]E|:ln / Mg(esw)e_f%(”%””“@“’))dl ds:| < +00.
0

By the above inequality and the definition of rg , in (3.44) and (3.47), we can get E[lnrg ] <
00. Therefore, (3.72) implies E[k,] < co. Combining (3.69)~(3.71), we have

mkg,
Nr,, (AZp(w)) <np---ng, < (\/a_ﬁ + 1> .
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Therefore, from (3.49) we have

InN,, <InNy,, (Ag(w)) < mk, ln(@ + 1), (3.73)
this suggests that E[InN,,] < co. The proof is completed. O

It is easy to check the assumption (H3), that is, the Lipschitz continuity for ¢(¢, w) in
L? (D) for any ¢ > 0. From Theorem 3.1, Lemma 3.3, Lemma 3.4, Lemma 3.6 and the con-
struction of y (w) in (3.48), we see that ¢(t, ) and x (w) satisfy (HO)~(H5). Therefore, as
a consequence of Theorem 2.1, we have:

Theorem 3.2 Suppose (1.3)~(1.5) hold. Then the RDS {¢(t, w)}1>0,0es defined in (3.6) pos-
sesses a random exponential attractor {E(w)}weq in L* (D).

Remark By the definition ¢(t, w,vo) = v(t, w,vp), O(t, w,u0) = u(t,w,up) and the rela-
tionship u(t,w,uy) = a1 (B;w)v(t, w,a(w)uy), one can immediately get that the RDS
{D(t, w)}r>0,wen, Which is generated by (1.1)~(1.5), possesses a random exponential at-
tractor in L% (D).

4 Conclusion

In this paper, we have studied the asymptotic behavior of the RDS ¢(t, ) generated by
(3.3)—(3.5). First, an abstract result for the existence of a random exponential attractor
is established in general Banach space. Second, a useful asymptotic a priori estimate in
L% (D) is given. Third, a positively invariant random set x () in L?(D) is constructed and
the Fréchet differentiability of (T, w) in x (w) is proved for a large time T'. Then ¢(T, w) is
split into two parts, i. e. W1 (T, w) and W,(T,w), and W1(T,w) is proved to be contractive
in the mean in L% (D) and W5(T, ) to be compact in L% (D). Finally, by checking the
assumptions (HO)~(H5) presented in the abstract result for ¢ (¢, w) and x (w), the existence
of a random exponential attractor is proved in L% (D).

It is worth noticing that our case is different from that of [18]. In [18], the author proved
the existence of a random exponential attractor for a stochastic non-autonomous reaction-
diffusion equation with multiplicative white noise in the entire space R3. The author de-
composed the solutions into two parts, of whose, one part is finite-dimensional which
satisfies the flattening propety [11] and the “tail” part is “quickly decay” for suitable large
x € R3 and large time ¢. This implies the existence of a finite dimensional random exponen-
tial attractor in the Hilbert space L2(R®). However, the technique relies on the orthogonal
basis {ej}l‘?fl in L?( H; and the orthogonal projections P, : L*(D) — X,,, where X, = span

{e1,...,e,}, so that it cannot be applied directly to general Banach space.
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